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Summary
The length and bore geometry of musical instru-
ments directly influences the quality of sound that
can be produced. In brass instruments, nonlinear
effects from finite-amplitude wave propagation can
lead to wave distortion giving sounds a brassy timbre
[3, 5, 14, 20, 26]. In this paper, we propose a three-
dimensional model to describe nonlinear wave prop-
agation in a trumpet and investigate the importance
of the mouthpiece shank geometry. Time pressure
waveforms corresponding to Bb3 and B
b
4 notes were
recorded at the mouthpiece shank and used as inputs
for our model. To describe the motion of compress-
ible inviscid fluid, we numerically solved the compress-
ible Euler equations using the discontinuous Galerkin
method. To validate our approach, the numerical re-
sults were compared to the recorded musical notes
outside the bell of the trumpet. Simulations were
performed on computational trumpets where different
bore geometries were considered. Our results demon-
strate that the shape of the narrow region near mouth-
piece greatly influences the wave propagation and ac-
curacy of the trumpet model.
1 Introduction
Finite-amplitude sound waves play a significant role
in understanding the acoustics of brass instruments,
and various models have been proposed to describe
the corresponding wave propagation [5]. Often in the
literature, the tubing before the bell of the trumpet
(and trombone) is assumed to be cylindrical with a
constant radius, especially if the mathematical de-
scription of sound wave propagation is reduced to two
dimensions or even one dimension. This assumption
is a natural starting point to model a brass instru-
ment since finite-amplitude standing waves and acous-
tic wave propagation in uniform cylindrical tubes have
been studied for quite some time. Some of the initial
work was done by Weiner [29] in 1966. He examined
the consequences of nonlinear wave propagation in air
columns such as wave steepening and the formation
of shock waves. Further discussions can be found in
[15] and [25].
This initial work on finite-amplitude wave propa-
gation in tubes initiated some of the more recent ap-
proaches to describe nonlinear wave propagation in
brass instruments. For instance, some models have
been proposed where the input impedance or radia-
tion impedance of the instrument are prescribed as
boundary conditions. In theory, this approach seems
quite reasonable since the peaks of the impedance
curves correspond to the resonant frequencies of the
bore, which characterizes acoustic behaviour [17].
However, the impedance either has to be measured
or calculated by using acoustic pulse reflectometry
methods which traditionally assumes that the cylin-
drical bore leading up to the flare is uniform [18]. This
means that impedance formulations can be problem-
atic for brass instruments (not as much for woodwind
instruments) because the slope of the horn expansion
can quickly become too large as discussed in [4] and
[9]. In [9] however, Bilbao et al. examined an alterna-
tive description of the radiation impedance that was
presented in earlier findings [7] to model wave prop-
agation and radiation in a trumpet and trombone.
The radiation impedance from [7] takes the bore’s
curvature into account. Bilbao et al. consider a fi-
nite difference scheme to compare a one-dimensional
(1D) plane and spherical model using a transmission-
matrix method. Though it was not explicitly stated
if the bore near the mouthpiece end was assumed to
be constant or not, their model was applied to linear
wave propagation.
Frequency-domain models have also been a com-
mon approach to describe wave propagation in musi-
cal instruments. For example, Gilbert et al., consid-
ered a frequency -domain model based on the gener-
alized Burgers’ equation [12]. Simulations were per-
formed on geometries constructed after a Courtois
bass trombone where the bore before the flare was
approximated by a cylindrical tube. Another recent
model discussed by Noreland et al. in [21] intro-
duces a hybrid scheme to model wave propagation
in brass musical instruments. For the flare region, a
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two-dimensional (2D) finite-element method was con-
sidered where the inviscid Helmholtz equation was
used. The cylindrical part of the instrument before
the flare was analyzed using a 1D viscid transmission
line model. This bore section was further separated
into two parts (but modelled in the same way). The
first section was near the mouthpiece boundary and
the radius was assumed to be constant until a slow
flare begins in the second segment. Although the
model seemed reasonable for low frequency notes, the
authors concluded that for high frequencies, a more
accurate model was needed.
A frequency model that does consider some of the
geometric features near the mouthpiece of a brass in-
strument is proposed by Thompson et al. in [27]. The
authors considered a linear and nonlinear frequency-
domain model for the trombone where the shape was
approximated by a sequence of 152 cylindrical tubes.
In particular, some radius variation were considered
in the initial 7.85 cm of tubing. For the next 53.14
cm of tubing before the flare however, the radius
of the cylinder is assumed to be constant. It was
found that for the loudly played notes, the nonlinear
model matched the fundamental frequency and sec-
ond harmonic of the experimental data, and followed
the general shape of the spectral curve for components
greater than 8000 Hz. However, the model deviated
for frequency components in between.
Previously in [23], we too assumed that the bore be-
fore the trumpet bell was uniform and modelled the
wave propagation of measured musical notes by nu-
merically solving the full 2D compressible Euler sys-
tem using the discontinuous Galerkin (DG) method.
The consequences of neglecting the spatial dimension
was also examined. Our simulations produced a simi-
lar harmonic distribution to the notes for components
that were transmitted from the bell. However, the
amplitude was overestimated and there were discrep-
ancies in the lower spectra. We then considered the
analogous model in three dimensions and presented
the initial findings in [24]. Modelling the sound propa-
gation with both spatial dimensions greatly improved
our results, however, the resulting amplitude of the
simulated notes was approximately 8 dB too high.
However, close inspection of the bore near the mouth-
piece reveals that the inner tubing before the first
bend is more complicated than alluded to by the outer
geometric features of the instrument, i.e., we found
that the tube of the trumpet near the mouthpiece
was not cylindrical. In fact, the radius of the trumpet
bore from the mouthpiece varies for approximately 24
cm.
Therefore, in this paper, we propose a three-
dimensional (3D) model for nonlinear sound wave
propagation in a trumpet where we attempt to take
the variations of the narrow bore near the mouth-
piece into account. It is our belief that these subtle
geometric features need to be represented to accu-
rately construct and simulate the evolution of non-
linear waves inside the instrument, and perhaps, may
be more significant than energy losses due to viscous
friction or wall vibrations. As Rendo´n states, the in-
strument “determines the extent to which the bore
profile is able to support nonlinear propagation” [26].
For any region in the instrument in which the cross-
sectional area increases, the amplitude of the propa-
gating waves will decrease because the sound energy
spreads and the particle velocity decreases [20]. These
aspects will in turn influence the nonlinear standing
wave pattern. Therefore, in our purposed model,
we attempted to represent the initial bore and in-
corporate nonlinearities as well as compressibility ef-
fects. To achieve this, the compressible Euler equa-
tions found in gasdyanmics were used where viscosity
and other losses were neglected. The equations of
motion were then solved numerically using the DG
method, and the corresponding numerical results will
be shown and discussed in Section 3.
2 Model
2.1 Equations of Motion
The 3D compressible Euler equations are defined as:

ρ
ρu
ρv
ρw
E

t
+

ρu
ρu2 + p
ρuv
ρuw
u(E + p)

x
+

ρv
ρuv
ρv2 + p
ρvw
v(E + p)

y
+

ρw
ρuw
ρvw
ρw2 + p
w(E + p)

z
= 0,
(1)
where ρ is the gas density; (ρu, ρv, ρw) are the mo-
menta in the x, y and z direction, respectively; p is
the internal pressure; and E is the total energy. Fi-
nally, the parameter γ is the specific heat ratio which
is γ ≈ 1.4 for air [28].
The equation of state for an ideal gas connects E
to the other variables and closes the system
E =
p
γ − 1 +
ρ
2
(u2 + v2 + w2). (2)
The system (1) and (2) describes the motion of in-
viscid, compressible gas. We used this mathematical
model to simulate musical notes which were played by
a live musician.
2.2 Setup and Experimental Data
Sound pressure measurements of the Bb3 and B
b
4 notes
played at forte on the Bb Barcelona BTR-200LQ
trumpet shown in Figure 1 were collected at two loca-
tions. A quarter-inch microphone was mounted near
the shank of the mouthpiece, and a half-inch micro-
phone was placed on the central axis of the trumpet
roughly 16 cm outside the bell. For convenience, we
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Figure 1: (Colour online) Placement of microphones
on the Barcelona BTR-200LQ trumpet.
will refer to these locations as mouthpiece and bell.
The top plots of Figures 2 and 3 depict one period of
the recorded time pressure waveforms for the Bb3 and
Bb4 notes, respectively. Since the pressure at the bell
is much lower than inside the instrument, the bot-
tom plots of Figures 2 and 3 show a magnification of
the bell measurements. All pressure plots show the
deviation from atmospheric pressure.
The experimental data collected at the mouthpiece
will be used as the boundary condition on pressure for
numerical simulations. The data at the bell will then
be used to judge the accuracy of our proposed model.
As customary, the results are presented as sound pres-
sure level (SPL) which is measured in decibels (dB).
The total sound pressure level in the presented exam-
ples is equal to 166.9 dB for the Bb3 and 167.2 dB for
the Bb4 at the mouthpiece position. Dynamic levels in
musical notation, i.e., piano, forte, etc., are arbitrary
in the sense that there is no specific decibel level that
defines forte. But typically, the SPLs we obtained
from our experiments fall into the forte range reported
in the literature. Our obtained results are similar in
character to the pressure measurements presented in
[1, 8, 14, 22, 27]. In particular, the waveform shapes
and SPLs for analogous notes in these papers resemble
our plots shown in Figures 2, 3 and 4.
The signals from the microphones mounted on the
trumpet were recorded on a four-channel Tektronix
oscilloscope. Its resolution was 8 bits, and the out-
put sampling rate was 50 kHz. The actual sampling
rate of the oscilloscope is very high, and internal sam-
ple averaging gives an effective resolution of about 11
bits. For bipolar signals this gives a signal-to-noise
ratio of about 70 dB. The spectra shown in our paper
can have much more contrast than that because the
noise is spread fairly uniformly over all frequency bins.
Each period analyzed by the discrete Fourier trans-
form (DFT) has about 413 samples, so the noise level
in each bin can be about 26 dB less than the straight
70 dB offered by the resolution of each sample. We
find that the acoustic noise in our measurements is
always much less than the expected 96 dB contrast of
the measurement system.
The transfer function of the experimental data, de-
noted by T (f)Exp, is a function of frequency (i.e., a
frequency-domain measurement), denoted by f, and is
Figure 2: (Colour online) Top: Measured pressure
waveform of the Bb3 at the mouthpiece shank and out-
side the bell. Bottom: Magnification of the measure-
ments outside the bell.
defined as
T (f)Exp =
P (f)bell
P (f)mouth
, (3)
where P (f)bell is the pressure measured outside the
bell, and P (f)mouth is the acoustic pressure measured
at the mouthpiece shank. In decibels, the transfer
function is given by 20 log10 (T (f)Exp) [2]. The cor-
responding function is plotted for the Bb3 and B
b
4 in
Figure 5 and represents the power transmitted from
the bell. The transfer function for both notes displays
similar character for frequencies up to 4000 Hz. The
remaining portion of the signal however almost ap-
pears to be noisy due to the observed zig-zag pattern,
especially for harmonics greater than 6000 Hz. There-
fore, from studying Figures 4 and 5, we are confident
that the data up to 4000 Hz is reliable and does not
contain much noise.
Applying Fourier synthesis to the results in Figure
4, we obtain a continuous expression for the pressure
with respect to time. We write the trumpet notes
as a sum of sinusoidal waves with respect to the fun-
damental frequency, denoted by f , and corresponding
harmonics, 2f , 3f ,. . . , each with a corresponding am-
plitude, denoted by A, and phase shift, denoted by φ.
Therefore, one period of the entire pressure waveform
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Figure 3: (Colour online) Top: Measured pressure
waveform of the B43 at the mouthpiece shank and out-
side the bell. Bottom: Magnification of the measure-
ments outside the bell.
of a desired note is expressed as
p = A0 + 2
N/2∑
i=1
Aicos (2pifit+ φi) , (4)
where A0 is the term corresponding to the direct cur-
rent, N is the number of points in our data, and fN/2
is the Nyquist frequency [13]. For each measured note,
the number of samples per period was rounded to 413.
If an integer is not naturally obtained for the num-
ber of samples per period, rounding the value can
influence the frequency spectrum. However, for our
simulations, we were constructing the time pressure
waveform with 30 harmonics, so we do not expect this
rounding to make a difference for the corresponding
spectral components.
2.3 Numerical Method
The equations of motion (1) form a hyperbolic sys-
tem of conservative laws which we solved numerically
using the discontinous Galerkin (DG) method. The
simulations were run on a graphics processing unit
(GPU) using NVIDIA’s Compute Unified Device Ar-
chitecture (CUDA). Details about the algorithm for
this implementation can be found in ??. The imple-
mentation takes advantage of the numerical method’s
parallelization features [11].
Figure 4: (Colour online) Frequency spectra at the
mouthpiece shank and outside the bell. Top: Bb3.
Bottom: Bb4.
We used a second order accurate linear approxima-
tion in space and Runge-Kutta (RK2) discretization
in time with the local Lax-Friedrichs Riemann solver.
Using a higher order approximation does not seem
necessary to improve the accuracy of our numerical
results since the mesh resolution must be fine enough
near the mouthpiece and bell to resolve these fine ge-
ometric features and capture the desired frequency
components of the musical notes we will be simulat-
ing. Thus, improving the numerical accuracy over
that of the experiment did not seem worthwhile.
We also needed to ensure there were enough mesh
elements in the radial direction to obtain accurate
simulations. The meshes we used ranged from 603,201
to 1,317,219 elements. So along the horizontal di-
rection, we have approximately 1980 tetrahedral ele-
ments per wavelength where the minimum radius is
0.0038392 mm. This was deemed sufficiently fine.
The corresponding mesh size spacing was chosen so
that our numerical results visually did not vary is a
finer mesh was used. All the simulations that we will
present in this paper were run through SHARCNET.
2.4 Initial and Boundary Conditions
We assume the flow initially is at rest and introduce
the sound waves via the boundary condition. All vari-
ables are scaled from physical values to values more
convenient for computation. In particular, the am-
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Figure 5: (Colour online) Transfer function of experi-
mental data, specifically the ratio of the pressure mea-
sured outside the bell over the pressure measured at
the mouthpiece.
bient speed of sound c0, which is approximately 343
m/s in air, and atmospheric pressure p0, are scaled to
be equal to 1. Assuming that the flow is isentropic,
i.e., c0 =
√
γp0
ρ0
, the initial density ρ0 should then be
taken to be 1.4. In summary[
p0, ρ0, u0, v0, w0, E0
]
=
[
1.0, 1.4, 0, 0, 0, 2.5
]
. (5)
On the inner and outer walls of the trumpet, ex-
cluding the mouthpiece boundary, reflective bound-
ary conditions (solid wall boundary conditions) were
prescribed. A ghost state was specified so that the
normal velocity was reflected with respect to the wall,
i.e., taken with a change of sign. The density, pressure
and tangential velocity were unchanged from the cor-
responding values inside the cell. At the left vertical
boundary of the bore which corresponds to the mouth-
piece boundary, the ghost state was specified to be the
inflow condition which is described below. Finally,
along the far-field boundary, pass-through boundary
conditions were used in which the ghost state was pre-
scribed to be the initial state defined in (5). The com-
putational domain was large enough to ensure that
propagated waves achieved a sufficiently small am-
plitude for complete pass-through of waves without
reflection which can adversely influence the solution.
We experimentally determined the size of the domain
so that reflections would not influence the solution,
specifically the waveform exiting the bell.
When imposing boundary conditions at the mouth-
piece, we related velocity to pressure at the mouth-
piece through the expression derived from linear
acoustic theory for planar waves
p− p0 = ρ0cu. (6)
The linearization is justified since the speed of the air
particles inside the instrument is low relative to the
speed of sound. Velocity measurements for trombones
reported in [10] give the maximum speed about 17
m/s, i.e., about 5% of the speed of sound, in the throat
of the mouthpiece which are similar values observed
in our numerical simulations.
Finally, the density is computed assuming we have
an adiabatic process. Thus, compressible flow theory
states that
ρ = Cp
1
γ , (7)
where C = γ is the proportionality constant [19].
The experimental data obtained at the mouthpiece
of the trumpet was written as a sum of Nf = 30 sinu-
soidal waves and used as the boundary condition on
pressure. We do not attempt to model the flow be-
haviour in the mouthpiece cup as it is quite complex.
In summary, the dimensionless boundary conditions
at the mouthpiece of the computational trumpet are
given by
pˆ = Aˆ0 +
∑Nf
i=1 2Aˆicos
(
2pifˆit+ φˆi
)
,
ρˆ = γpˆ
1
γ ,
uˆ = pˆ−poρoc ,
vˆ = 0.0,
wˆ = 0.0,
Eˆ = pˆγ−1 +
ρˆ
2 (uˆ
2 + vˆ2 + wˆ2),
(8)
where Aˆi, fˆi, and φˆi denote the amplitude, frequency
and phase shift, respectively, for each harmonic of the
measured notes [23].
2.5 Geometrical Trumpet Model
We constructed three geometries to represent the 1.48
m long trumpet depicted in Figure 1. The focus was
to accurately model the length of the trumpet, the
bore, and slowly increasing diameter of the bell. In
[23], we justified that the bends of the instrument do
not greatly influence the wave propagation, especially
in comparison to the bell. Therefore, for all the nu-
merical simulations discussed here, the bends will not
be modeled, i.e., the bends and coils of the trumpet
will be unwrapped and the tubing will be straightened
out.
The bell was modelled with great care since propa-
gating sound pressure waves are especially sensitive to
the bell’s curvature because the expansion influences
harmonic reflections. More precisely, the location at
which the harmonic waves reflect in the bell is de-
pendent on their frequency. As the frequency of the
waves increase, a larger portion of the energy will be
transmitted from the bell [3]. This implies that slight
inaccuracies in the bell geometry could produce ex-
aggerated discrepancies in numerical simulations as
we showed in [24]. To obtain a realistic flare shape,
a picture of the trumpet bell was taken. The gra-
bit software from Math Works Inc. was then used to
trace out the trumpet flare by a series of points.
We initially constructed a computational trumpet,
which for convenience will be referred to as Geome-
try 1, to have an uniform cylindrical bore prior to the
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Figure 6: (Colour online) A diagram of a trumpet
mouthpiece.
flare. However, we questioned the validity of this sim-
plification since in reality, the tubing near the mouth-
piece is more complicated. From an observer’s per-
spective, the radius of the bore from the mouthpiece
appears to slowly increase for approximately 24 cm.
Then, the tube seems to remain cylindrical until it be-
gins to widen again 102 cm from the mouthpiece. The
geometry of the mouthpiece itself is also quite com-
plex and varies in shape and dynamics for each model.
A general diagram of a brass instrument mouthpiece is
shown in Figure 6. We tried to avoid some of these po-
tential intricate effects by measuring the sound pres-
sure waveforms at the shank of the mouthpiece. The
corresponding microphone position is also depicted in
Figure 6.
The mouthpiece throat radius is approximately
0.4× the shank radius; and the radius of the trumpet
bore 20 cm from the shank is approximately 1.42× the
shank radius. This change in volume seems rather
significant and not considering these geometric at-
tributes may cause an overestimation in the simu-
lated amplitude. Furthermore, for such sections in
the trumpet where the bore is expanding in diameter,
the pressure amplitude of the forward moving waves
decreases thereby reducing the cumulative nonlinear
distortion [6]. Moreover, just as the rapid flare of the
trumpet influences harmonic reflections, we hypothe-
size that the increase in radius at the mouthpiece may
have similar a consequence.
Therefore, we wanted to create a 3D representation
of the trumpet where the variation found in the ini-
tial 24 cm of tubing is taken into account. We first
measured the diameter of the tube in three positions:
where the mouthpiece microphone was mounted (near
the throat); at the end of the shank; and again where
the tube radius appeared to stop changing. These
three points were connected with cubic splines and we
will refer to the corresponding trumpet geometry as
Geometry 2. While carrying out these measurements
however, we observed that the change in diameter was
much more complicated. Several measurements were
then taken along the initial 24 cm of tubing at the
university’s machine shop. These points were also in-
terpolated by cubic splines and the corresponding 3D
representation of the trumpet will be called Geometry
3. A cross-section of the different trumpet geometries
can be seen in Figure 7.
Figure 7: (Colour online) The geometric shapes of
the tubing near from the mouthpiece boundary used
to construct Geometries 1 to 3. Top: Corresponds to
Geometry 1, with bore shape reference name “cylin-
drical bore”. Middle: Corresponds to Geometry 2,
with bore shape reference name “two-slope approxi-
mation”. Bottom: Corresponds to Geometry 3, with
bore shape reference name “machine-shop measure-
ments (MSM)”. Radii is the same at points indicated
at the arrows.
2.5.1 Summary of Trumpet Geometries
In summary, we constructed the following geometries
with the following properties:
Geo. 1: Cylindrical Bore
The tubing from the mouthpiece boundary to be-
ginning of bell’s flare, i.e., x ∈ [0 cm, 102 cm] is
approximated by a cylindrical bore.
Geo. 2: Two-Slope Approximation
The tubing from x ∈ [0 cm, 24 cm] was approx-
imated by three measurements: at the mouth-
piece microphone position, the shank, and before
the first bend.
Geo. 3: Machine-Shop Measurements (MSM)
The tubing from x ∈ [0 cm, 24 cm] was con-
structed from taking seven measurements.
For all geometries, the sets of points outlining the
boundary of the computational trumpet were passed
to the mesh generating software GMSH. The points
on the straight region of the bore were connected by
lines; the sets of points outlining the bell and the ini-
tial tubing for Geometries 2 and 3 were interpolated
using cubic splines. The resulting curves were used to
generate a 3D representation of the instrument via a
rotational extrusion about x = 0 to generate a spher-
ically symmetric trumpet mesh. All meshes consist of
tetrahedral elements with adaptive element sizes to
accurately resolve the geometric features of the trum-
pet. The total number of cells for each mesh in addi-
tion to their properties can be found in Table 1.
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Table 1: Number of cells and properties associated
with each trumpet mesh.
Geometry Number of Cells Bore Shape
Geometry 1 603,201 Cylindrical
Geometry 2 1,302,915 Two-Slope App.
Geometry 3 1,317,219 MSM
3 Simulation Results
Simulations have been carried out to describe the non-
linear wave propagation of Bb3 and B
b
4 notes (discussed
in Section 2.2) inside a trumpet. The 3D compressible
Euler equations (1) were solved with the initial and
boundary conditions mentioned above on Geometries
1 to 3. The frequency spectra of the numerical output
for the Bb3 and B
b
4 notes sampled 16 cm outside the
computational trumpet bell can be seen in the top
and bottom plots of Figure 8, respectively. The fre-
quency spectra of the experimental data at the bell
position (which recall is 16 cm outside the bell) also
is depicted and used to validate our model.
Figure 8: (Colour online) Frequency spectra of exper-
imental data and 3D simulation results for Bb3 (top)
and Bb4 (bottom).
For Geometry 1, a comparison of the numerical and
experimental data shows that the numerical ampli-
tude for the Bb3 and B
b
4 notes is overestimated by ap-
proximately 7 dB and 8 dB, respectively. For com-
parative purposes, we shifted the experimental curves
by the amplitude difference. When this shift is con-
sidered, we see that the harmonic distribution of the
experimental data and numerical solutions are in good
agreement for frequency components above 700 Hz.
For both notes, the resulting numerical amplitudes
on Geometry 2 and Geometry 3 are now more closely
representative of the experimental curves. We will
first discuss the results obtained for the Bb3 shown in
the top plot of Figure 8. When Geometry 3 (which has
the MSM bore) is used, the numerical solution agrees
with the experimental data almost perfectly for spec-
tral components between 900 Hz - 3400 Hz. Similar
results are obtained for Geometry 2 (which has the
two-slope approximation bore). However, compared
to Geometry 3, the frequencies are slightly higher in
amplitude in the equivalent harmonic range. We ob-
serve more distortion from the experiment for both
geometries as the curves approach 4000 Hz. For spec-
tral components below 900 Hz, Geometries 2 and 3
generate almost identical outputs. In particular, both
underestimate the fundamental frequency of the Bb3
by roughly 3 dB; but the second and third harmonics
are roughly 8 dB and 3 dB too high, respectively.
Looking now at the Bb4 note in the bottom plot
of Figure 8, we see that the simulations run on Ge-
ometry 2 and Geometry 3 give similar solution curves.
Again, Geometry 3 matches the experimental data al-
most perfectly for frequencies between 900 Hz - 2800
Hz. In addition, compared to Geometry 2, there is
overall less variation between the experiment and the
Geometry 3 solution. Regardless of the computational
trumpet used, we observe more deviation as the nu-
merical solutions approach frequencies near 4000 Hz.
Finally, for the lower spectrum, the fundamental fre-
quency of the Bb4 (which corresponds to the second
harmonic of the Bb3) is roughly 7 dB too high.
Figure 9: (Colour online) Geometry 1 numerical re-
sults of Bb3 outside the trumpet.
When we examined the numerical waveforms out-
side the bell, we found that the solutions reached
steady state roughly halfway through the first period.
We show an example of this in Figure 9, which depicts
the Geometry 1 Bb3 solution in the time-domain. By
t = 0.00668, the numerical result produces consistent
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periodic waveforms. Although only the first five peri-
ods of the Bb3 curve is shown here, we have run sim-
ulations where more than a dozen periods were gen-
erated to ensure the solution was stable. Hence, the
plots presented in Figures 8 and 10 analyze the first
period of the (results starting from the initial crest)
since the spectra of the other periods were equivalent.
In Figure 10, we plot the measured pressure wave-
forms in the time-domain along with one period of
the most accurate numerical results, i.e., the Geome-
try 2 and Geometry 3 solutions. From a compressible
fluids simulation point of view, the numerical and ex-
perimental waveforms match rather well.
Figure 10: (Colour online) Experimental and 3D nu-
merical pressure waveform for Bb3 (top) and B
b
4 (bot-
tom).
Finally, to examine the behaviour of the transmit-
ted waves from the computational trumpet, the trans-
fer function is calculated for all numerical results and
compared to the experimental data. The transfer
function for Geometry 1, Geometry 2 and Geome-
try 3 will be denoted by T (f)Geo.1, T (f)Geo.2 and
T (f)Geo.3, respectively. The corresponding functions
are plotted in Figures 11 and 12 for Bb3 and B
b
4, re-
spectively. The top plots of Figures 11 and 12, illus-
trate that T (f)Geo.1 is similar to T (f)Exp, but there
is a significant difference in the amplitude value for
all frequency components for both notes. Whereas
T (f)Geo. 2 and T (f)Geo.3 shown in the middle and
bottom plots, respectively, are more representative of
T (f)Exp.
In summary, it is evident from our results that con-
Figure 11: (Colour online) Transfer function of Bb3
experimental data compared to simulation results,
specifically the ratio of the pressure measured outside
the bell over the pressure measured at the mouthpiece
for Geometry 1 (top), Geometry 2 (middle) and Ge-
ometry 3 (bottom).
sidering a 3D model of the trumpet where the initial
bore geometry is considered greatly improves our nu-
merical results, especially for the Bb3. Our data shows
spectral plots which agree with simulations over the
lower harmonics of high amplitude, down to around
50 dB to 60 dB below the maximum levels. We inter-
pret this to mean that our acoustic data is fairly good,
but shows the effects of external noise for frequencies
greater than about 4000 Hz. The measurement sys-
tem is capable of over 90 dB of contrast, so it is not a
limitation. Furthermore, our numerical results closely
follow our data in this frequency range.
Figure 12: (Colour online) Transfer function of Bb4
experimental data compared to simulation results,
specifically the ratio of the pressure measured outside
the bell over the pressure measured at the mouthpiece
for Geometry 1 (top), Geometry 2 (middle) and Ge-
ometry 3 (bottom).
4 Conclusion
In conclusion, our 3D simulations of nonlinear wave
propagation in a trumpet produce encouraging re-
sults. We found that the geometric modelling near
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the beginning of the trumpet is crucial to take into ac-
count, yet often is overlooked. We speculate the shape
near the mouthpiece influences how the reflections of
high pressure waves are modelled. The radiated fre-
quencies of the Geometry 2 and 3 bells show evidence
of this: although the computational trumpets have
a comparable geometry and their spectra align well
with the experimental data, there are distinguishable
differences in their solution curves.
It is difficult to take precise measurements close to
the mouthpiece; but not having an accurate geometry,
even if the bore is uniform, produces numerical dis-
crepancies. For instance, numerical experiments we
did showed that enlarging the radius of the tube by
a mere 0.45 mm shifts the frequency curve by almost
2 dB. If we compare the radius of the mouthpiece
boundary for Geometry 1 to Geometries 2 and 3, it
is 2.12 times larger than that of the other computa-
tional trumpets. Therefore, it seems reasonable that
the corresponding numerical amplitude at the bell po-
sition is roughly 7 dB off (20 log10 (2.12) ≈ 6.5 dB).
Figure 13: (Colour online) Phase angle of transfer
function for Bb3 (top) and B
b
4 (bottom) of the exper-
imental data compared to the simulation results for
Geometry 1, Geometry 2 and Geometry 3.
The lower harmonic components remain to be a
challenge. For both notes the Geometry 2 and 3 sim-
ulations deviate the most for the frequency compo-
nents near 400 Hz, i.e., the second harmonic and fun-
damental frequency of the Bb3 and B
b
4, respectively. A
large portion of the energy corresponding to frequen-
cies around 400 Hz are reflected at the bell and travel
toward the mouthpiece. So it seems there is an is-
sue with how the reflections and corresponding phase
angles are being modelled inside the bore.
In Figure 13, we plot the phase angle of the trans-
fer functions shown in Figures 11 and 12. The graphs
illustrate that the simulated phase angles match the
measured for the lowest harmonic components. In
particular, the phase angles corresponding to the Bb3
and Bb4 simulations run on Geometry 3 match those
of the experiment for frequencies below 1800 Hz and
3000 Hz, respectively. However, for Geometries 1, 2
and 3, we do notice variations from the experiments.
This implies the magnitude of crests and troughs
may be altered, which in turn effects the shape of
the standing waves and thus, whether wave steepen-
ing would occur. This ultimately could influence the
brassiness of the instrument.
Overall, we blame the difference is the lower spec-
tra on the simplified model for velocity that was pre-
scribed for the boundary condition. It is also possible
that the lower frequencies are most influenced from
energy losses. In [16], Kausel states that wall vibra-
tions and full body motion of the bell influence the
lower frequencies, especially between 350 Hz - 900 Hz.
Our future work will investigate how to improve this
boundary condition to find a more accurate relation-
ship between pressure and velocity.
Acknowledgement
The authors thank Andrew Giuliani for his implemen-
tation of the DG method used for the simulations pre-
sented in this paper. This research was supported by
the Natural Sciences and Engineering Research Coun-
cil (NSERC) of Canada grants 341373 and 112608 and
we acknowledge and thank NSERC for the financial
support.
References
[1] Backus, J., & Hundley, T. C., (1971). “Harmonic
generation in the trumpet,” J. Acoust. Soc. Amer.
49(2B): 509-519.
[2] Beauchamp, J. W., (2012). “Trombone transfer
functions: comparison between frequency-swept
sine wave and human performer input.” Arch.
Acoust. , 37(4): 447-454.
[3] Benade, A. H., (1900). Fundamentals of Musical
Acoustics (Dover Publications, New York).
[4] Bilbao, S., & Chick, J., (2013). “Finite difference
time domain simulation for the brass instrument
bore,” J. Acoust. Soc. Am. 134: 3860-3871
[5] Blackstock, D. T., Hamilton, M. F., & Pierce, A.
D., (1998). Nonlinear Acoustics, edited by M. F.
Hamilton and D. T. Blackstock (Academic, San
Diego).
Resch et al., p. 10
[6] Campbell, M., Chick, J., Kemp, J., Myers, A., &
Newton, M., (2014). “Spectral enrichment in brass
instruments due to nonlinear sound propagation:
a comparison of measurements and predictions,”
ISMA 2014, Le Mans, France 113-188.
[7] Dalmont, J. P., Nederveen, C. J., & Joly, N.,
(2001). “ Radiation impedance of tubes with dif-
ferent flanges: numerical and experimental inves-
tigations,” J. Sound Vib. 244(3): 505-534.
[8] Elliott, S. J., & Bowsher, J. M., (1982). “Regen-
eration in brass wind instrument,” J. Sound Vib.
83(2): 181-217.
[9] Eveno, P., Dalmont, J-P., Causse´, R., & Gilbert,
J., (2012). “Wave propagation and radiation in a
horn: Comparisons between models and measure-
ments,” Acta Acust. united Ac. 98: 158-165.
[10] Fletcher, N. H., & Rossing, T. D., (1991). The
Physics of Musical Instruments (Springer-Verlag,
New York).
[11] Fuhry, M., Giuliani, A., & Krivodonova, L.,
(2014). “Discontinuous Galerkin methods on
graphics processing units for nonlinear hyperbolic
conservation laws.” Intern. J. Num. Meth. Flu.
76(12): 982-1003.
[12] Gilbert, J., Menguy, L., & Campbell, M., (2008).
“A simulation tool for brassiness studies,” J.
Acoust. Soc. Amer. 123(4): 1854-1857.
[13] Grenander, U., (1959). Probability and Statistics:
The Harald Crame´ r Volume (Alqvist & Wiksell).
[14] Hirschberg, A., Gilbert, J., Msallam, R., & Wi-
jnands, A. P. J., (1996). “Shock waves in trom-
bones.” J. Acoust. Soc. Amer. 99(3): 1754-1758.
[15] Illinskii, Y. A., Lipkens, B., Lucas, T. S., Van
Doren, T. W., & Zabolotskaya, E. A., (1998).
“Nonlinear standing waves in an acoustical res-
onator,” J. Acoust. Soc. Am. 104: 2664-2674.
[16] Kausel, W., Chatziioannou, V., Moore, T. R.,
Gorman, B. R., & Rokni, M., (2015). “Axial vi-
brations of brass wind instrument bells and their
acoustical influence: Theory and simulations.” J.
Acoust. Soc. Amer. 137(6): 3149-3162.
[17] Kemp, J. A., Van Walstijn, M., Campbell D. M.,
& Smith, R. A., (2010). “Time domain wave sep-
aration using multiple microphones,” J. Acoust.
Soc. Am. 128:195-205.
[18] Kemp, J. A., & Smith, R., (2012). “Measuring
the effect of the reflection of sound from the lips in
brass musical instruments,” Acoustics 2012 Joint
meeting : 11th Congree`s Franc¸ais d’Acoustique
and 2012 IOA annual meeting 1767-1773.
[19] Liepmann, H. W., & Roshko, A., (2001). Ele-
ments of Gasdynamics (Dover Publications, Mi-
neola, NY).
[20] Myers, A., Pyle Jr, R.W., Gilbert, J., Campbell,
D.M., Chick, J.P. & Logie, S., (2012). “Effects of
nonlinear sound propagation on the characteris-
tic timbres of brass instruments.” J. Acoust. Soc.
Amer. 131 (1): 678-688.
[21] Noreland, J.D., Udawalpola, M.R., & Berggren,
O.M., “A hybrid scheme for bore design optimiza-
tion of a brass instrument,” J. Acoust. Soc. Am.
128(3) (2010): 1391-1400.
[22] Norman, L., Chick, J. P., Campbell, D. M., My-
ers, A. & Gilbert, J., (2010). “Player Control
of’ Brassiness’ at Intermediate Dynamic Levels in
Brass Instruments.” Acta Acust. united Ac. 96(4):
614-621.
[23] Resch, J., Krivodonova, L., & Vanderkooy, J.,
(2014). “A two-dimensional study of finite am-
plitude sound waves in a trumpet using the dis-
continuous Galerkin method,” J. Comp. Acoust.,
22(3): 27 pages, 2014.
[24] Resch, J., Krivodonova, L., & Vanderkooy,
J., (2016). “A Comparison Between Two and
Three-Dimensional Simulations of Finite Ampli-
tude Sound Waves in a Trumpet.” In Mathemat-
ical and Computational Approaches in Advancing
Modern Science and Engineering. Springer Inter-
national Publishing, 481-492.
[25] Rendo´n, P.L., Orduna-Bustamante, F., Narezo,
D., Pe´rez-Lo´pez, A. & Sorrentini, J., (2010).
“Nonlinear progressive waves in a slide trombone
resonator,” J. Acoust. Soc. Amer. 127(2): 1096-
1103.
[26] Rendo´n, P. L., Rodrigo E., & Antonio P. L.,
(2013). “Nonlinear sound propagation in trum-
pets.” Acta Acust. united Ac. 99(4): 607-614.
[27] Thompson, M. W., & Strong, J. W., (2001). “In-
clusion of wave steepening in a frequency-domain
model of trombone sound production,” J. Acoust.
Soc. Amer. 110(1): 556-562.
[28] Warburton, T., & Hesthaven, J. S., (2008). Nodal
Discontinuous Galerkin Methods: Algorithms,
Analysis, and Applications (Springer, New York).
[29] Weiner, S., (1966). “Standing sound waves of fi-
nite amplitude,” J. Acoust. Soc. Am. 40: 240-243.
